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The theory for frustrated totel reflection has heen developed for the cose whore Lhe
third medium ir metallic of complex index.  sing paraliel polarized light s unique minimum
in refleciance oceurs 4t 3 definite Alm thickness. Eaxperimoental verifieation of the theory
i made and indicates the theory applicable to the precise measurconent of thin eoniaet
filras existing between metallic and dielectric aurfaces.

1. Imtroduction

In the field of precize length measurement there exists the need to measure precisely the
proximity of two surfaces. (ne or both surfaces may be plane. Frequently at least one of
the surfnses is transparent to visible light. For instance, in the interferomptric determinations
of the lengths of metallic end standurds ealied gage blocks, 2 iransparent plate mey be contreted
to one of the end surfacea and the opticsl length between the surfsce of this plute and the non-
contacted surface of the gape block iz determined. The practical length, or calibrated length,
of the gage block is obtained from the optical length by correeting for the phase change dif-
ference oceurring at reflection from the two dissimilar surfaces. Thus the practical length of
the gage block is dependent uwpon the thicknees of the filin existing between the contueted
surfaces. A transparent contacting plate, usually of quartz, is often used rather than g plate
of material similar to the metallie gaga hlock to facilitate visual examination of the contacted
surfaces. A gatisfactory contacting is congidered to be ome that provides a uniform grayness
over the contacted srea.

The literature indicates some inconsistency in the messured valoes of wringing film
thickness. These messurements range from —2.4 to +2.8 gin. for lapped metallic surfaces.
For optically polished glass surfaces, the recent measurementa by Bruce and Thernton {11
indicate a variation in thickness for different surfacea of £0.4 pin. Negative values are ax-
plainad by the investigators aa being caused by sn intermeshing of the high points of the surfaces.
Although some of this inconsistency in results may be dua to systematie arror or the use of
questionable nssumpiions, thera is 5 distinet possibility that wringing film thickness is dependent
upen the material forming the surface, the planeness of the surfaces involved nnd the surface
finish, However, there is evidence that the film thickness is not eritics)ly dependent upon the
type of oi used ns a wringing agent where this ia employed to purposely contamingte lapped
aurfaces to faeilitate contacting [2, 3]. Furthermore, whereas different values of wringing film
thickness have been reported, many investipators agree that the thickaess of a wringing Alm
between two given surfacee is repeatable to o fraction of a miereineh [1, 2, 3].

For the measuretnent of the practical length of gage hiocks to an accuracy of 0.1 uin.,
.it is ohvious that stringent control and measurement of wringing film thickness are required.
Practically speaking, it is useless to deviea methods of length measurement of gape blocks that
eliminate wringing films when the blocka measured will eventuslly be used in wring combing-
tiona with other blocka to schieva specifically desired lengths. What seems 0 be required is
a mensurement facility that will directly determine the wringing film thicknesa hetween two
suriaces 1o an accuracy hetter than 0.01 interference fringe (0.1 pin.).

Another common occurrence that arises in length mepsurements ja the need o measure
the proximity of a plans surface and a spherical surface, This proximity may be either posi-
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tive or negative, nogative in the semza that o contacting of w sphevical and plane surfues will
result in deformation if a contact pressure 18 present.  Although this deformation may be
determmed theoretieally, it 18 questionnhle in all pases, particulovly in the ease of small contact,
pressure, that the theoretical assumptions are valid.  In the case of positive proximity, an
interforence pattern of Newton's Kings 18 frequently used to determine the distance between
a plane and the vertox of & spherical surface.  Figure 1A shows sucha pattern formed betweon
n ghuss surface and a steel ball,  The dismeter of at least one ring is obtained for each of severnl
wivelengtls of light., Knowing the approximate dinmoeter, the distanee betwesny the plang
and the ball ean be determined by extrapolating the fractional order patterns to the vertex and
applying the method of coincidences.  As in all interferenee length measurements, correetion
for phase change at reflection must be made; but in this case correetion Tor dispersion of phise
change is also required.  Furthermore, the distapes between ball nnd | plaone must be held
constant during the time required (o obtain interference patterns for ench wavelength,

This puper mdicates the resulls of an investigation mto the possibility of employing
frustrated total reflection to the problems deseribed "above.

2. Theory

Total wmternal reflection ocenrs when light is incident at an angle 8 upon an mterface
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ence betiven fplose bosndary surfoee afod ateel bl

af Ngure &,

Al ol fockdiee 18 fess thagg SheCeibien] migle, TGO TE Bee-
Heiwne Iul.m-lm albasmnd Loy Frslratscd k] poflipoties ut gagles
A0, i, il 787,

- - - " ¢ 13 a = -
between two medin having indices of relraction g and g sueh that "—'nm 021 where gy pg.

]
Hore g and ge veler to the refeaetive indicos of (e incident and relenetive media pespectively.
However, the energy associnted with the incident leh iz transaitbed into the refractive medinm
a short distance before it returns into the ineident medinm (4],

I s thivd material is positioned in the regon of this energy transoission, this materinl will
trunsmit or absorb part of the energy and prevent its return to the ineident mediom.  This
effoct is referred to as frustrated total reflection,

1t hns been shown that for wn all-dislectric system, the relative smount of energy infer-
cepled depends upon the polavization of the meident light, the thickness of the refractive filim,
the optieal constants of the three media invelved, the wavelength of the incident light and the
angle of incidence (5],
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In this developmeni of the theory of frustrated total reflaction invelving metallic frys-
trating media, it is assumed that a right-hand coordinate system, as shown in figure 2, iz used.

Light from the positive Z space having a refractive index g, is incident at an angle # upon
an interface represented by the zy plane at £=0. A dielectric film of refractive index u; exista
between planes £=0 and Z=—d. Let 8 represent the angle of refraction in this medium.
A boundary =urface exista at Z=—4d, forming an interface between the dielectric fibm and a
medium having refractive index y,, where p; may be complex. Let 8 represent the angle of
refraction in this medium,

The electric vectors reprasentad in figura 2 are the resultant of sll ineident, trsnemitted,
and reflected waves. For instance, [, 15 the resultant of parallal polarizations of all eom-
ponents that are contributed hy multireflections from surfaces at Z=0 and Z2=—4.

The components of the electric vectors polarized in the plane of incidence are indicated
by E,4 where » is an integer indicating the medium., Prime quantities refer to components
associnted with reflected waves. Positive components are indicated by the arrows in figure 2.
Clomponents of the electric vectors polem=zed perpendiculsrly to the plane of incidence are
indicated by E,,. Positive components of E,, have a direction parallel to the positive y axs.

In genaral, the parallel and the perpendieular components of the electric veetors moy be
expreased by
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and », 13 the wavelength in medium ».

From Snell’a Law . )
SIn &, =1z 60 &
5N Ezzﬂza sin 63
where
B
Fpz=—
L
and
ﬂ13=&

(2}

Applying the conditions of continnity for electromapmatic waves at the houndaries Z=0

and Z=—d, the relationships between amplitudes ara obtained.
For the polarizetion perpendicular to the plane of incidence
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and for the polarization parallel to the plane of incidence
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Ww=voeuum wavelength,

(3)

(4}

Tha ratics of the reflected to the incident amplitudes are obtained for the perpendicular and for

the parsllel polarizations by the use of eqs (3} and (1), respectively.
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For the condition of total internal reflaction

ain’ #,
ﬂ?g } 1
and from eq (2)

08 = — o feint §—nt, ©. (7)
iz
Using thie value of cos & in egs {5) snd (6), the ratio of reflected to ncident amplitudes are

—A,, sinh w[sin® & —nf,+npfay c0B 8; 203 85]--1 4810 & —nd, (008 fi—N,:R 003 & cosh &
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(8)
for tha perpendiculer polarization, and
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)]

for the parallel polarization.

Equations (R) and (3 may be used to determine the magnituds sud phass of the reflected
electric vecior when an all-dielectric avstem is being considered. For such a syatem the re-
fectance for the perpendicular component is given by

A At B¢
R,—= ;1%.' =5Te (103

where
B=nl1—alHnl—1) sith? w—(zin® 8;—nd)[2 sin® 8 —ndnd, —1]
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and the reflectance for the parsllel component is given by
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When the frusirating medium has a complax refractive index, fe, whan py=an{1—ia)
where # is the refractive index and « is tha absorption index, nx and coa #; becoma complex and
oge (3) and (%) must be modified. From ag (23,
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Applying these expressions to eqs (8} and (6}, one obtaing for the perpindicular polarization,
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Equations {12) and {13) may be used to determing the magnitude and phase of the re-
flericd eleciric vector when the frustrating medium has & complex refractive index, eg., a
metallic mnterinl, Reflectance squations simmlar to egs {10} and {11}, but for the cass where
oy 18 complex are piven by eqe (14) and (15).
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r

Numerical ealeulations of reflectance can be obtained by evaluating egs {12 and (13} and
multiplying by the numerical enmplex conjugate.
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For en all-dielectric system where g=j1;=1.72; g=1.38; #=80°; the reflectance relation-
ship to film thickness as ealenlated from eqe (10} and {11} ie :dentical to that caleulated by
Vasicek [6]. The solid curves of figure 3 are also caleulated from aq {10}, They show the theo-
retical relationships of reflectance to film thicknese of air between the surfaces of glasa heving
a refractive index of 1.5. The sbscisse indicates the film thickness in microinches and the ordi-
tiate represents the percentage of perpendicularly polarized mereury green light reflected.
Curvea for parallal-polarized light, ealculated from sq (11}, have the same form but exhibit
somewhat better sensitivity at larger angles of incidence. For instance, ss the film incresses
from 0 %0 0.2 uin. the intensity of the reflected light incident at 80” increases from 0 to 10 percent.

The broken curve of figure 3 results from ealculation of eq (14}, The curve shows the
tnecrotical relationship betwean raflsciance of perpendicular polarized light and a film thick-
ness of air existing between a “totally reflacting’ glass surface and a steel surface. Curves
for angles of incidenca less than 30° intercept the ordinate wxis at lowor values of reflectance
but de not change their slope to any significant degrea,

Curves derived from caleulations of eq (15} are much more inieresling, Figure 4 shows,
for different angles of ibcidence, theorebeal relstionships between reflectance of parallel polar-
ized hight and & film thickness of air existing between a “totally reflecting™ glass surlace and
steel surface, O sipgnificancs, 1= the formation of & momimum ocelurring at a filtn thickness
dependent upen the anple of incidence. Furthermors, there iz indicated a sensitivity in the
pellectance to filtn thickness relationship that essentially eguals the sensitivity obtained in
the dielectric cage. Unliks the dislactric case, a congiderahle increase in reflectance is obtaied
a3 the film thickness approaches zero. The form of the curves shows theoretically that s
measurement of reflactance to 1 percent could indicats the thickness of a very thin film of air
ta an necuracy of 20 billionths of &n inch.

From the form of tha curves in figure 4 it is apparent that for & very thin film of varying
thickness & pattern of minimum reflectance should be chtained ressmbling an interference
fringa of equal thickoess. Unlike sn interference fringe pattarn, only one minimuem shouid
bo obtrined, corresponding to a thickness of film dependent upon the angla of incidence,
Therefore no ambipuity concerning the order of intarference should exist. Another important
difference arises from the sharpness of the reflectance dip obtained for larper angles of ineci-
dence, For instance, tha half width of a conventjonal two-beam interference Iringe corre-
sponds to approxamately 5 milhonths of an ibeh wariation in Alm thickness whereas the half
widih of these dips can be less than 1 millionth of an inch.t

+ Dalning the hall widib of a0 onsymmetrbeal 4p & somewhat srbdrery. Ly thig icstance 1he half width @ Sef0oed @ (he width aof the dip
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The film thicknesses at which the minima are obtained can ba caleulated from the following
agquation.
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Equation 16 ia derived by differentiating eq {15) with respect to the function 4. Setting
the differential to zero, solving for 4 and applying eq (7) to the expression for « in eq (£}, one

obtaine eq (16).

By varying the constants g, u, gz, A in eq (13} the location of the minimum is changed a8 is
indieated in fi;nres 5, 6, 7, 8.5 Variation of y; and  doea not signifieently change the location
of the minimum snd no major inerease in sensitivity is noticed.  However, with an inereass in

the optical constant, g, or the ratio E* the minimum forms at smaller values of 4 snd the sen-

sitivity significantly increases as there is & larger changs in reflectance with changes in d.
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3. Experimental Procedure i

To experimentslly verily the theoretical eqs {14}, {15}, and (16} the arrangement drawn in
plane view in figure 3 was amployed. A variable prism, consisting of a half cylinder of glass
with two planoconsave cylindrical lenses of the sama refractive index {u,= 1.578) contacted to
the surface with glycerine, wes positioned on u lapped steel teble of a specttometer. The
spectromneler reated on & table surface whose normul could be inclined through small angles
[rom the vertical. The autocollimating telescope and the divided circle of the spectrometer
were employed te aline each of the planoconcave cylindriesl lenses so that the plane surfaces
of the lenses formad included anglea with the reflecting enrface of the prism equal to the desired
angle of incidence, #.  Tha prism sssembly was then rolated so that the entrance window of the
prism assembiy was normal to a beam of plane pelarized, collimated white light filiered with 2
mercury-graen interference filker. Using the tilt table supporting the spectrometer, the normal
to the spectrometar tabla was inclined one degrsa from the vertical in such a direciion as to fall
in the plane defined by the vertical axis and the normal to the reflecting surface of the priem.
A lapped 5.AE. 52100 sten] ball of 1 in. diam and having a mass known t¢ 1 percent was posi-
tioned on the spectrometer fable. This platform served as an inclined plane helding the hall
against the reflecting =surface of the prism with a computed contact load of 0.1 g.

The telescope of the spectromater was replaced with a calibrated mieroscope having s 32
mm objective and & 10X filar eyepiece. The microscope was positioned o receive the reflected
beam and was focused on the totally reflecting surface of the prizm at the point where the ball
made contact.
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4. Resulis

With the incident light perpendicularly polarized a slight diminishing in intensity of the
reflected beam at and surrounding the peoint of contect was obzerved. This gualitatively
varified the result indicated by eq (14) {3 the hroken hne curve of fi;ure 3). No minima
were observed for this condition.

With the ingident light paralle] polarized, minima such as those predicted by eq {15) were
pbtained. Figore I, B, C, D illustrates typical patterns observed at different angles of incidence
larger then the eritical angle. These elliptical patterns, having major diameters as small as
0.0015 in., were all obtained at the same magnification as that used for tha Newton Ring pattern
ghown in figure 1A. The filin thickness at which the minimum oceurs is proportional to the
second power of the diameter ag measured along the major axis of the ellipticel ring. The
existence of a unique mimimum rather than the eyelic pattern shown in figure 14, and the
effect of incressing sngle of incidence upon ring size, sharpness, and contrasi gualitatively
verily eq (15) as rapresented by the caleculated curves shown in figure 4.  The irregularities of
the ring pattern for 45°, shown in figure 1B, are considered to be the effect of surface irregularity
of the steel ball. This same surfacs finish appears to have less effect on the tinima obtained at
larger angles of incidence.
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A quantitative verification of ags {15) and {18) was cbtained by comparing the experimental
detarminations of flm thickness at which the minima ave formed with results derived from eal-
culations of aq (16). To experimentally determine the film thickness , the major diameters,
2y, of the alliptical rings formed &t kmown anglas of incidence ware measured with the calibratsd
filar evapiace of tha microacope. These measurad values weore appliad fo the sagittai equation

= R={R=y"",

where R is the radius of the steel hall.

The experimental results are compared in table 1 with the theoretical results as defermined
by eq €16). The experimental resulis and the estimated arvor associated with the particular
measurement indicate claarly the close agreement of experiment with theory. In every case
except one wre theory falls within the sxperimental arror. The amount of error indicates pri-
marily the ability of the observer to set & crosshair on the minimum ring. With increasing
angle of incidence the pattern becomes sharper and therefore ensier to set on.

Tanre 1, Comperigon babogen expariveenial and fheoraticol deferminalions of film thickaes
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In the theoretical determination no factor was ueed to compensate for the surface finish
of the ball. However, agreement between theoretical snd experimental values was essentlally
0.1 win. The predominant scratch depth of the ball was approximately 2 win. This indicates
the phenomens are practically independent of surface finizh.

8. Conclusgions

Preliminary investipation and results indicate the method of frustrated total reflection
applicable to the precise measorement. of thin films soch as thoss exdating between a dielectric
and eonduetor. Significant in this investization are that the measurements are indepondent
of any phase change dua to surface finish and the minimum obtained is single vaiuad, eliminating
the nacessity of estahlishing an order ag with fringes.
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